Supergravity in (2 + 1) dimensions from (3 + l)-dimensional Supergravity 
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In the context of the formalism proposed by Stelle-West and Grignani-Nardelli, it is shown that 
Chern-Simons supergravity can be consistently obtained as a dimensional reduction of (3 + 1)- 
dimensional supergravity, when written as a gauge theory of the Poincare group. The dimensional 
reductions are consistent with the gauge symmetries, mapping (3 + l)-dimensional Poincare super- 
group gauge transformations onto (2 + l)-dimensional Poincare supergroup ones. 
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I. INTRODUCTION 

Supergravity in (2 + 1) 0, Q and in (3 + 1) 0, H di- 
mensions can be formulated as a gauge theory of the 
Poincare superalgebra. The first-order formalism per- 
mits one to write the three dimensional supergravity as 
a Chern-Simons theory 5], for which (2 + l)-dimensional 
supergravity is a good theoretical laboratory for the con- 
struction of a quantum theory [6| . Then it is interesting 
to find a link between supergravities in (2 + 1) and in 
(3 + 1) dimensions. 

The action for supergravity in (2 + l)-dimcnsions S — 
J [£abcR ab e c + AipDip) , with ip a two component Ma- 
jorana spinor, is invariant under Lorentz rotations, 
Poincare translations and supersymmetry transforma- 
tions. The dreibein e°, the spin connection ui® b and the 
gravitino ^ transform as components of a connection for 
the super Poincare group. This means that the super- 
symmetry algebra implied by the corresponding super- 
symmetry transformations is the super Poincare algebra. 

(3 + l)-dimensional supergravity invariant under the 
Poincare supergroup is based on the supersymmetric ex- 
tension of the Stelle-West-Grignani-Nardelli formalism 
(SWGN) H H E3- The fundamental idea of the for- 
malism is founded on the definition 0, 0, @ of the vier- 
bein V A and the gravitino 'J, which involves the Gold- 
stone fields £ A , x- I n the supersymmetric extension of the 
(SWG7V)-formalism: {%) the vierbein V A is not identi- 
fied with the component e A of the gauge potential along 
the translation generators, but is given by 



1 UJ AB 1AB X 



where D( A = d( A + u AB ( B , D X = d X ^ 
and where cu AB is the spin connection. 

The purpose of the present work is to find the super- 
symmetric extension of the successful formalism of refs. 
[Tol ITU]. This means that, in the context of the proce- 
dure of refs. 

EIH, (3+l)-dimensional supergravity can 
be dimensionally reduced to Chern-Simons supergravity. 
This procedure can be used because both supergravity in 
(2 + 1) Q and supergravity in (3 + l)-dimensions 0, Q 
can be formulated as theories genuinely invariant under 
the Poincare supergroup. 

The paper is organized as follows: In sec. II, we shall 
review some aspects of the Supersymmetric extension of 
the Stelle-West formalism and of supergravity as a gauge 
theory of the Poincare supergroup. The dimensional re- 
duction is carried out in sec. Ill where the principal fea- 
tures of the dimensional reduction process are presented. 
Section IV concludes the work with brief comment. 



II. SUPERGRAVITY INVARIANT UNDER THE 
POINCARE GROUP 

In this section we shall review some aspects of the Su- 
persymmetric extension of the Stelle-West formalism and 
of supergravity as a gauge theory of the Poincare group. 
The main point of this section is to display the differ- 
ences in the invariances of the supergravity action when 
different definitions of vierbein are used. 



V A = D( J 



i (2^ + Dx) 1 A X 



(1) 



(ii) the gravitino field is not identified with the compo- 
nent ip of the gauge potential along the supersymmetry 
generator, but is given by 



* = ip + Dx 
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A. Non-Linear realizations 

The non-linear realizations can be studied by the gen- 
eral method developed in ref. [P2l Il3| . Following these 
references, we consider a Lie (super)group G and a sub- 
group H. 

Let us call {Vj}^ the generators of H. We assume 

that the remaining generators {A/}^ =1 are chosen so that 
they form a representation of H. In other words, the 
commutator [Vi,A/] should be a linear combination of 
A; alone. A group element g E G can be represented 



2 



(uniquely) in the form 



9 = e 



(2) 



where h is an element of H. The £ l parametrize the coset 
space G/H. We do not specify here the parametrization 
of h. One can define the effect of a group element go on 
the coset space by 



g g = g (e^ A 'h) = e^ A 'h' 



or 



where 



5o e 



hi = h'br 



(3) 
(4) 
(5) 
(6) 
(7) 



hi = hi(g ,Q. 
If go — 1 is infinitesimal, implies 

(ffo - 1) e«' A! - e-« iAi (5e« !A! = /i x - 1. (8) 

The right-hand side of (jHJ is a generator of H. 

Let us first consider the case in which go — ho G -ff. 
Then (gj) gives 

e 5" A ' = h e^' Al ho 1 (9) 
Since the A' form a representation of H, this implies 



hi = ho', h! = hoh. 



(10) 



The transformation from £ to £' given by JHJ) is linear. 
On the other hand, consider now 



go = e^ Ai . 
. In this case (@J) becomes 

e^ A 'e^ A ' = e^ A 'h. 



(11) 



(12) 



This is a non-linear inhomogeneous transformation on £. 
The infinitesimal form (JSJ becomes 

« * A iV.A,^ A - e-« iAi ,5e« IA ' = hi - 1. (13) 

The left-hand side of this equation can be evaluated, us- 
ing the algebra of the group. Since the results must be a 
generator of H , one must set equal to zero the coefficient 
of Aj . In this way one finds an equation from which 
can be calculated. 



The construction of a Lagrangian invariant under 
coordinate-dependent group transformations requires the 
introduction of a set of gauge fields a = a^Aida;'', 
p = p^Vidx^, p — p^Aidx^ 1 , v — v^Vidx^ 1 , associated 
respectively with the generators Vi and Ai . Hence p + a 
is the usual linear connection for the gauge group G, and 
the corresponding covariant derivative is given by: 

D = d + f(p + a) (14) 

and its transformation law under g G G is 



g : (p+a) -> (p'+a') 



g(p + a)g~ 



(dg)g~ 



(15) 



where / is a constant which, as it turns out, gives the 
strength of the universal coupling of the gauge fields to 
all other fields. 

We now consider the Lie algebra valued differential 
form [H 



eS lA ' [d + f(p + a)} e« iAi = p + ■ 



(16) 



The transformation laws for the forms p(£, d£) and 
v(£,d(:) are easily obtained. In fact, using Hlll) . i|12[l onc 
finds |l| 



p' = hipi^y 1 



v = hiv(hi) 1 + hid(hi)' 



(17) 



(18) 



The equation (|17fl shows that the differential forms 
p(Ci <^0 are transformed linearly by a group element of 
the form lllfl . The transformation law is the same as 
by an element of H, except that now this group element 
hi(£o>Q is a function of the variable £. Therefore any 
expression constructed with p(£,d£) which is invariant 
under the subgroup H will be automatically invariant 
under the entire group G, the elements of H operating 
linearly on £, the remaining elements non-linearly. 



B. Supersymmetric Stelle-West Formalism 

The basic idea of the Stelle-West formalism is founded 
on the non- linear realizations in anti de Sitter space 0. 
The supersymmetric extension of this formalism is 
based in the non-linear realizations of supersymmetry in 
anti de Sitter space 01 . The formalism consider as G 
the graded Lie algebra 



[P Al P B ] = -im 2 J A B 



[Jab, Pc] = * (vac'Pb - VbcPa) 
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[Jab-, Jcd] = i (vacJbd ~ VbcJad + VbdJac - VadJbc) is a pseudo-translation, JUJ) gives 



[Jab, Qa] = i {iab)^ Qp 



(31) 



[Qa: Qf. 



[PA,Q<x] = --^m(lA)a/3Q/3 



2( 1 A ) a0 P A -2m( 1 AB ) a0 J A 



(19) 



having as generators Q a , Pa and Mab- It has as a sub- 
algebra H that of the de Sitter group SO(3, 2) with gen- 
erators Pa and Mab- This, in turn, has as subalgebra L 
that of the Lorentz group 5*0(3, 1) with generators M a ^. 
An element of G can be uniquely represented in the form 



i xQ h 



* Ap H 



(20) 



where h £ H and I £ L. On can define the effect of a 
group element go on the coset space G/H by 



9og 



ox'Q h > = e x'Q e ^i' A PA l > 



or 



go& = 1 



hie 



,a Pa, 



hi = I'. 



(21) 
(22) 
(23) 
(24) 



Clearly hi = hi(g ,x) and h = h(go,X,0- 

If go — 1 and hi — 1 are infinitesimal, 122|l . (|23|l imply 

e~ YQ (90 ~ 1) e YQ - e-* Q 5e* Q = hi - 1 (25) 



e ^ A PA _ !) g -« A PA_ e i£ A P A( j e -i£ A PA = Zl _ L (2 6 ) 

We consider now the following cases: If go = Iq £ L; 
123,(123) give 



e x ' Q = l e xQ lo 1 



(27) 



while Ij23(l gives 

h e^=e-^' Ap Hi(h ,0- 



(32) 



(33) 



In this case x transforms linearly, but the transformation 
law H33J) of £ under pseudo-translations is inhomogeneous 
and non-linear. Infinitesimally 

e^ PA {~ip B F B ) e^ ApA - e* Ap He-* ApA = h - 1. 

(34) 

Finally, if 



go 



(35) 



is a supersymmetry transformation, one must use 1221) 
and Ij23(l as they stand. Observe, however, that Ij23(l has 
the same form as (|33|) except for the fact that hi is a 
function of x while ho is not. Therefore, the transforma- 
tion law for £ under a supersymmetry transformation has 
the same form as that under a de Sitter transformation 
but, with parameters which depend in a well defined way 
on x- 

An explicit form for the transformation law of £ a under 
an infinitesimal AdS boost can be obtained from 134|) . 
The result is 



z cosh ; 
sinh z 



- 1 



^-^#") (36) 



where z = m^J (^ a ^ a ) = ni£- 

The transformation of t; A under an infinitesimal 
Lorentz transformation Iq = e% K Jab is 



6£ A = K AB ^ 



(37) 



and, under local supersymmetry transformation (|35J) . £ A 
transforms as 

6£ A = -i(l + % -mxx) £J A X 



hi — h — lo 



(28) 



z cosh z ^ 
sinh z 



1 + Q-mxx ) £7 X 



-m' A PA 



loe-^-lo 1 . 



(29) 



Both x and £ transform linearly. If, on the other hand, 
we know only that go = ho £ H, in particular, if 



go 



(30) 



-2im I 1 + -rnxx ) £1 AB x£,b- 



(38) 



Using (|25|l with go — 1 = eQ, one finds that 

i 1 
<5x = £ - -m (5xx + xr^xr^ 4 ) e + g?™ 2 (XX) e (39) 
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= (l + -mxxj (£J A xPa + mei AB xJAB) ■ (40) 

Working in first order formalism, the gauge fields 
vierbein e A , spin connection uj ab and gravitino ip are 
treated as independent. The key observation is that 
(e A , ui AB , tp), considered as a single entity, constitute a 
multiplet in the adjoint representation of the AdS super- 
group. That is, we can write: 



C. Supergravity invariant under the AdS group 

Within the supersymmetric extension of the Stelle- 
West- formalism, the action for supergravity with cos- 
mological [^J constant can be rewritten as 

S = [ e abcd Tl ab V c V d + 4* 7 57a2W I 



A = -ilu ab J ab 



ie A P A 



-ipQ 



(41) 



where A is the gauge field of the AdS supergroup, 
Pa, JAB,Q a being the generators of the AdS boosts. 
Then, based on these, we can define the corresponding 
non-linear connections (V a , W , \&) from Qlfifl: 



l 

2 

-xQ 



iW AB J AB 



1 



AB - 



iV A Pj 



'AB 



+2a 2 e abcd V a V b V c V d 



3ae abcd ^ ab ^V c V a 



(46) 



(42) 

If G = OSp(l,A) and H = 5*0(3,2), the gauge fields 
V A form a square 4x4 matrix which is invertible and 
can be identified with the vierbein fields. In the same 
way we have that W AB is a connection and that \& can 
be identified with the Rarita-Schwinger field. From i(42() 
one can obtain the fields V' 4 , W AB , ^ in terms of the fields 
e A ,Lu AB ,tp. The results are given in equations (81), (83) 
and (84) of ref. 0. 

The corresponding transformation laws for V a , W ab , ^> 
can be obtained from i|17fl . (|18[l . I n ^ct, one can verify 
that, under the AdS supergroup, the non-linear connec- 
tions transform as: 



which is invariant under the supersymmetric extension 
of the AdS group. From such equations we can see that 
the vierbein V a and the gravitino field transform homo- 
geneously according to the representation of the AdS su- 
peralgebrabut, with the nonlinear group element hi G H. 

The corresponding equations of motion are obtained by 
varying the action with respect to £ a ,x,e a ,u ab ,i(j. The 
field equations corresponding to the variation of the ac- 
tion with respect to £ a and x are n °t independent equa- 
tions. Following the same procedure of Ref. 0], we 
find that equations of motion for supergravity genuinely 
invariant under Super AdS are: 



tf'Q = hi (*Q) (hi.) 



(43) 



4*757 d /o 



a a 

T =0 



%lslapV a ~ 4757a* T =0 



where 



A 

T 



rj- a 



(47) 



(48) 



(49) 



(50) 



-iV' a P a = }h (-iV a P a ) (h^- 1 (44) 

\iW' ab i ah = hi (^iW ab 3 ab ^j (hx)- 1 + hxd(hx)- 1 . (45) 

The nonlinearity of the transformation with respect 
to the elements of G/H means that the labels associ- 
ated with the parts of the algebra of G which generate 
G/H are no longer available as symmetry indices. In 
other words, the symmetry has been spontaneously bro- 
ken from G to H . An irreducible representation of G 
will, in general, have several irreducible pieces with re- 
spect to H. Since, in constructing invariant actions, one 
only needs index saturation with respect to the subgroup 
H , as far as the invariance is concerned it is possible to 
select a subset of nonlinear fields with respect to G, which 
form irreducible multiplets with respect to H. 



K ab = K ab + Aa 2 V a V b + a* 7 ah * = (51) 

p = - k*7 Q W a . (52) 

D. Supergravity and the Poincare group 

Taking the limit m — > in equations (24), (73), (75), 
(76), (81), (83) and (84) one can see that: (i) the superal- 
gebra HI 9(1 take the form of the superalgebra of Poincare 

[Pa,Pb]=0 
[Jab,Pc] = i (vacPb - VbcPa) 
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[Jab, Jcd] = i (vacJbd - VbcJad + VbdJac - VadJbc) where now 



[Jab, Qa] = i {lAB) af3 Qj3 



[P A) Q }=o 



D = d + uj. 



(63) 



The corresponding components of the curvature two-form 
are now 

T A = DV A (64) 



[Qa, Qp\ 



-Hi A ) a3 P A - 



(53) 



(n)the transformation laws of £ under an infinitesi- 
mal Poincare translation, under an infinitesimal Lorentz 
transformation, and under a local supersymmetry trans- 
formation are given respectively by 



III. SUPERGRAVITY IN (2 + 1) FROM 
SUPERGRAVITY IN (3 + 1) 



(65) 



6^ = K AB t 



6£ A = -ie^x, 



(54) 



(55) 



(56) 



where p J 



K AB = — K 



BA 



and e are the infinitesimal pa- 



rameters corresponding to Poincare translations, Lorentz 
rotations and supersymmetry respectively 

(Hi) the transformation laws of x under an infinitesi- 
mal Poincare translation, under an infinitesimal Lorentz 
transformation, and under a local supersymmetry trans- 
formation are given respectively by 



5 X = 



Sx 



:K AB 1ABX 



Sx 



(57) 



(58) 



(59) 



In this limit G is the Poincare supergroup and H = 
SO (3,1); and the fields vierbein V A , the connection 
W AB , and the Rarita-Schwinger field are given by 



A. Supergravity in (3 + 1) 

The limit m — > of the action is obviously the 
action for N = 1 Supergravity in (3 + l)-dimensions: 

S = [ eabcdR AB V c V d + 4Vw A DVV A (66) 



which is genuinely invariant under the Poincare group. 
In fact, d = 3 + 1, N = 1 supergravity is based on the 
Poincare supergroup, whose generators Pa, Jab, Q a sat- 
isfy the Lie-superalgebra l|53|l . Using this algebra and 
the general form for gauge transformations on A 



5 A = -DX = d\ - [A, X] 



with 



f 



A = —in Jab - ip Pa + eQ, 



(67) 



(68) 



we obtain that e A , lo ab , and ip, under local Lorentz ro- 
tations, transform as 



r A A B 

oe = n B e ; 



6lu 



ab 



-Dk 



AB. 



Sip 



-\ 2 n AB lA B^; 

(69) 



under local Poincare translations, transform as 

8e A = Dp A ; 5uj ab = 0; SiP = 0; (70) 

and under local supersymmetry transformations, as 

Se A = -2ie~f A ip; Soj ab = 0; Sip = De. (71) 

This means that the vierbein V A transforms, under 
the Poincare supergroup, as 

(72) 



SV A = k a V b , 



+ DQ A + i (24> + Dx) 1 A X 



W AB = uj AB 



* = ip + Dx 



(60) 



(61) 



(62) 



The space-time supertorsion T is given by 



where 



a A 1 
T = T A --ip 1 A iP, 



r A = dv j 



(73) 



(74) 



It is direct to verify that the action l|66|l is invariant 
under (§3 , dJ , (J7TJ , El , ESI , & , EJ),®, ©■ 



Dimensional Reduction 



The dimensional reduction process, as well as the no- 
tation, is similar to those used in refs. 

M and M- 

Latin indices a, 6, c, ■ ■ • = 0,1,2 and capital latin indices 
A, B, C, ■ ■ ■ = 0, 1, 2, 3 denote (2 + 1) and (3 + 1) internal 
(gauge) indices respectively. They are raised and lowered 
by the Minkowski metrics 



Vab 




(75) 



and 



VAB = 



/-I 














1 














1 





Vo 








1 



(76) 



In the dimensional reduction the first three values of 
A, B, C, ■ ■ ■ will denote the corresponding (2 + 1) internal 
indices a, 6, c, • • •, i.e. A = (a, 3), B = (b, 3) , C = (c, 3) , •■ 
•. We shall use the antisymmetric symbol £ ABCD with 
e oi23 _ x and in ( 2 + l)-dimensions e abc = e abc3 , so that 



-012 



My 



Dimensional 


Reduction 


(3 + l)-dimcnsions (2 - 


f l)-dimensions 


3 

e 


7 3 

ax 


a, 

e 


a 

e 


ab 

U! 


ab 

UJ 


LU 


u 


/-a 

C 


/■a 

C 


c 





a, 

p 


a 

p 


3 

P 





„ab 
Kj 


ab 

K 


K a3 









ry abc 


^abc 










where the 7's with multiple indices are antisym- 
metrized products of gamma matrices, which for d- 
dimensions satisfy the relationship [2(| 



d+1 



with 



1 ,^k(k-l)+^d(d-l) 



{d~k) 



(77) 



(78) 



1. 



It is direct to verify that the (3 + l)-gauge transforma- 
tions (UniJ, GOJ) ,JHJ, with the identifications of this Table 
of dimensional reduction are mapped onto: 

= K a b Z b ;5e a = K a b e b ; 5u ab = -Dn ab -5^ = ~^ K ab lab ^ 

(79) 



5£ a = -p a ; Se a = Dp a - 5to ab = 0; 6tp = 0; (80) 



Following the procedure of ref. |10| we carried out 
a dimensional reduction of the Poincare generators of 
the (3 + l)-dimensional theory and, correspondingly, 
of the space-time dimensions that, from the (3 + 1)- 
dimensional action and the algebra l|53|) . lead to 
the (2 + l)-dimensional action. With such reductions 
from the (3+1) gauge transformations (|B^|) . lf7U|) . $7T\i . 
(jHI),^,®, (123,®, (EH!), we shall obtain the cor- 
responding gauge transformations in (2 + l)-dimcnsions. 



5£ a = -iej a X ] Se a = -2iej a ip; 8uj ab = 0; Sip = De; 

(81) 

i.e. onto the correct (2 + l)-dimensional gauge transfor- 
mations. In particular, the quantities that are set to a 
constant in the Table consistently have vanishing gauge 
transformations. In the same way we have 



R 



AB 



( R ab 


R a3 




' R ab 




{ R 3b 


R 33 J 


= 


{ 






(82) 



The dimensional reduction leading from the (3 + 1)- 
dimensional supergravity theory to (2 + l)-Chern-Simons 
supergravity theory is given in the following Table (see 



.ab 



f ^ab w a3 > 




( u ab 




1 uo 3b lu 33 j 


= 


{ 





(83) 
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e a + D^ 1 + i(24> + Dxh a X j (84) 



$ = ip + D x 
where D£ a = d£ a + ^£ b ; D X = d X - \uj ab labX . 



(85) 



From equation (|77|l we see that, for d = 4 and = 3, 

,ABC _ ^ABCD„, K 



7 



-e 7d7 



(86) 



which allows one to write the action for (3 + 1)- 
dimensional supergravity in the form 

S 4D = y £ abc d (r ab V c V d + ^ 1 ABC V D D^> 

(87) 

By substituting the content of the Table of dimensional 
reduction and l|82l I83|) into the action (|87|l one gets 

S iD = J (^2e abc3 R ab V c + jfabc^l^D^j dx 3 . (88) 

Using (|84|l . (|85() and the identity j a b — —i£abc~1 c we find 
that the first term is 

2e abc3 R ab V c dx 3 = (2e abc3 R ab e c + 2e abc3 R ab DC 



4R ab iP labX - 2R ab {D X ) labX )dx 



(89) 



Using G3): j abc = ~s abc I and the identities DD X = 
\R ab ~iabX, Xlabi> = —ipJabX we nn d that the second term 
is 

^e a bc^l abc D^dx 3 = (^e abc3 ^ abc D^ 



+AD{ X Di,) + 4R ab ^ abX + 2R ab (D X ) labX )dx 3 . (90) 
By substituting JBHJ and (fTTTTfl in (|8*%|) we obtain 



S iD = I (2e abc3 R ab e c + ^ £abc3 ^D^. 



+2e abc3 R ab D£ c + 4D(xDib))dx 3 



Using the Bianchi identity DR ab = 0, e abc e abc = -3! 
and (|77|) with d — 3 and k = 3, we find that the action 
for (2 + 1)- supergravity is given by 



S 



iD 



S iu = / e abc R ab e c + A^Dtj) + surface term. 

which proves that the dimensional reduction from 
(3 + l)-dimcnsional supergravity to (2 + 1)- supergrav- 
ity is possible. 

IV. COMMENTS 



We have shown that the successful formalism proposed 
m refs. [13 and [HI 

can be extended to the supersym- 
metric case. That is, (3 + l)-dimensional supergravity 
can be dimensionally reduced to supergravity in (2 + 1)- 
dimensions following the method of refs. ^(J an d |l l| - 

Finally we can say that supergravitygenuinely invari- 
ant under the Poincare supergroup Q is a natu- 
ral context to connect, preserving the invariance under 
the Poincare supergroup, such a theory with (2 + 1)- 
dimensional supergravity. 

It is interesting to note that all the terms contain- 
ing £° , X disappear from the action and that e a , ip can 
be interpreted as the space-time dreibein and gravitino, 
and yet the theory is invariant under the Poincare super- 
group, contrary to what happens in (3 + l)-dimensions. 
The absence of the £ a , X variables of l|91|l and the inter- 
pretation of e a ,ui ab and ip as gauge fields makes of <|91[) 
an action that can be conceived as a Chern-Simons three 
form. 
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